Abstract: With the development of intense femtosecond laser sources it has become possible to study atomic and molecular processes on their own subfemtosecond time scale. Table-top setups are available that generate intense coherent radiation in the extreme ultraviolet and soft-X-ray regime which have various applications in strong-field physics and attoscience. More recently, the emphasis is moving from the generation of linearly polarized pulses using a linearly polarized driving field to the generation of more complicated elliptically polarized polychromatic ultrashort pulses. The transverse electromagnetic field oscillates in a plane perpendicular to its propagation direction. Therefore, the two dimensions of field polarization plane are available for manipulation and tailoring of these ultrashort pulses. We present a field that allows such a tailoring, the so-called bicircular field. This field is the superposition of two circularly polarized fields with different frequencies that rotate in the same plane in opposite directions. We present results for two processes in a bicircular field: High-order harmonic generation and above-threshold ionization. For a wide range of laser field intensities, we compare high-order harmonic spectra generated by bicircular fields with the spectra generated by a linearly polarized laser field. We also investigate a possibility of introducing spin into attoscience with spin-polarized electrons produced in high-order above-threshold ionization by a bicircular field.
Introduction: Three-Step Model and Bicircular Laser Field
Available strong laser fields allow the study of new laser-field-induced atomic and molecular processes such as high-order harmonic generation (HHG) [1] and above-threshold ionization (ATI) [2] . These processes are commonly considered for a laser field which is linearly polarized and explained by semiclassical three-step model [3] [4] [5] . According to this model the electron, liberated in tunnel ionization, moves driven by the laser field and returns to the parent core where it recombines emitting a high-harmonic photon in the HHG process or rescatters and is detected having much larger energy in the high-order ATI (HATI) process.
Let us explain this three-step model in more detail using Figure 1 . Initially, the electron is bound with the energy −I p . When the linearly polarized laser field E lin (t) approaches an extremum at the time t 0 , the electron can tunnel through the potential barrier, created by an instantaneous laser electric field and the atomic potential, and is "born" in the continuum with zero velocity v(t 0 ). This is the first step of this model. After that, the field strength decreases, goes through zero and then reaches its next maximum value. Since the field and the corresponding force at the time t change their signs, the electron velocity changes its direction at the time t and the electron starts moving back to its parent core. The corresponding electron velocity is related to the quantity A(t), defined by E lin (t) = −dA(t)/dt. Since the field E lin (t) is extremal at the times t and t 0 we have that A(t) = 0 at these moments. The electron returns to the parent core at the time t 1 having the velocity v ret (t 1 ). This is the second step. It can be shown using momentum conservation [6] , that the kinetic energy of the returned electron has the maximum value 3.17U p , with U p = E 2 lin,max /(4ω 2 ) the electron ponderomotive energy in a linearly polarized field having frequency ω (we use atomic units). In the case of HHG process, in the third step, the electron recombines to the ground atomic state and the energy equal to ionization potential energy I p plus the electron kinetic energy is released in the form of an energetic photon. Maximum high-harmonic photon energy is I p + 3.17U p , as denoted in Figure 1 . The efficiency of the HHG process is approximately the same for all harmonic photons with energies larger than I p and the HHG spectrum has a shape of a plateau. Since the third step happens during the time interval which is a small part of the laser field optical cycle, it is clear that the described high-order atomic and molecular processes develop during few tens of attoseconds if one uses femtosecond lasers. Therefore, this third step "opens the doors" for attoscience [7] [8] [9] [10] [11] [12] which investigates electron dynamics of strong-field processes on the time scale of few attoseconds, a natural scale for electronic motion in atoms and molecules (one atomic unit of time is 24.19 as).
Graphical sketch of the three-step model for high-order harmonic generation. The combined atomic and laser field potential is presented by black lines, while the electron and its velocity are shown in blue. The temporal evolution of a linearly polarized laser field E lin (t) is depicted by the red long-dashed line. The emitted high-harmonic photon is illustrated by a pink wavy line with an arrow at the end.
It is well known that HATI and HHG processes are not possible with a circularly polarized laser field since the liberated electron, driven by such a field, cannot return to the parent core to recombine or rescatter. However, these processes become possible if one uses the (so-called) bicircular laser field consisting of two counter-rotating circularly polarized laser fields which are coplanar and have different frequencies. This was first confirmed experimentally for HHG in 1995 [13, 14] (for more references see recent articles [15, 16] ). ATI process in a bicircular field was first investigated theoretically in [17, 18] (see also [19] ) and confirmed experimentally in [20] . Theoretical analysis of HATI was performed in [21] [22] [23] , while the relevant experimental results were published in [24, 25] .
In 2000 bicircular-field-induced HHG was explained using the quantum-orbit theory [26] . More information about this theory is given in [6, 27] . In the present context it is important that, using this theory, two-dimensional trajectories of the electrons which come back to the parent core were identified. In addition, it was found that the emitted higher harmonics are circularly polarized with alternating ellipticities equal to ±1. This was confirmed experimentally in 2014 [28] . For application it is crucial to generate circularly polarized high-order harmonics which can serve as a source of soft X-ray photons. Such photons have application for analysis of various chirality sensitive processes in organic molecules [29, 30] , magnetic materials [31, 32] etc.
Combining a group of circularly polarized high-order harmonics having ellipticities which alternate between +1 and −1, rather than obtaining a circularly polarized pulse, we obtain a pulse having unusual polarization properties. This was first shown in [33] where, for a bicircular field with frequencies ω and 2ω, a star-like form with 3 linearly polarized pulses rotated by 120 • was obtained. This theoretical prediction has recently been confirmed in experiment [34] . It was suggested in 2001 [35] that circularly polarized attosecond pulse trains can be generated if the harmonics having helicity +1 are stronger than that of helicity −1 (and vice versa), i.e., if we, by some means, achieve helicity asymmetry in an interval of high-harmonic photon energies. In [35] such asymmetry was noticed for He atom, which has s ground state, for the intensity of the 2ω bicircular field component two times higher than that of the ω component. Later on, in 2015, it was found that the helicity asymmetry for much higher photon energies exists for HHG by noble gases with the p ground state [36] [37] [38] .
We study an rω-sω bicircular field, with r and s integers, defined by
Here I 1 = E 2 1 and I 2 = E 2 2 are the intensities of the components and ϕ is the relative phase. Examples of such fields are presented in Figure 2 for various combinations of r and s and the phase ϕ = 0 (for different phases the field is rotated but does not change the shape [39] ). We see that this field satisfies (r + s)-fold rotational symmetry. Furthermore, this field obeys particular dynamical symmetry: simultaneous rotation about the z axis by the angle r · 360 • /(r + s) and translation in time by T/(r + s) leaves the field unchanged (see the Appendix A in [38] ). For example, ω-2ω bicircular field is invariant with respect to simultaneous rotation by 120 • and translation in time by 1/3 optical cycle. Combining a group of circularly polarized high-order harmonics having ellipticities which alternate between +1 and −1, rather than obtaining a circularly polarized pulse, we obtain a pulse having unusual polarization properties. This was first shown in [33] where, for bicircular field with frequencies ω and 2ω, a star-like form with 3 linearly polarized pulses rotated by 120 • was obtained. This theoretical prediction has recently been confirmed in experiment [34] . It was suggested in 2001 ¼ [35] that circularly polarized attosecond pulse trains can be generated if the harmonics having helicity ½ +1 are stronger than that of helicity −1 (and vice versa), i.e. if we, by some means, achieve helicity ¾ Figure 2 . The electric-field-vector polar diagram for the rω-sω bicircular field, having equal component intensities, plotted for 0 ≤ t ≤ T = 2π/ω, with the fundamental frequency ω. The six presented panels depict the field for various combinations of the values of r and s, as denoted.
Results for High-Order Harmonic Generation by Bicircular Field
According to our theory of HHG by bicircular field, presented in [38] , the nth harmonic emission rate is given by
Here d(t) is the time-dependent dipole and the nth harmonic and its ellipticity ε n satisfy the following selection rule [38] ε n = ±1 for n = q(r + s) ± r.
These relations can be derived using the dynamical symmetry of the bicircular field. There are qualitative differences between the HHG spectrum generated by a linearly polarized laser field and the spectrum generated by bicircular field with equal component intensities. We illustrate this in Figure 3 by showing the HHG spectra, generated by Ar atoms subjected to a laser field having the fundamental photon energy ω = 1.6 eV, as a function of the harmonic order and the laser field intensity in atomic units. For HHG by a linearly polarized laser field (upper panel (a)), emitted harmonics are linearly polarized and the spectrum forms a plateau which finishes by a cutoff. The cutoff position, i.e., the maximum harmonic order, is proportional to the laser intensity. The spectrum in the plateau exhibits fast oscillations. These oscillations are caused by the interference of the quantum-orbit contributions [6, 40, 41] . In the cutoff region there are no such oscillations since only one quantum orbit contributes to the HHG spectrum. The spectrum for ω-2ω bicircular field, presented in the bottom panel (b), also exhibits a plateau with a cutoff. However, the plateau is different. First, the plateau is more inclined and its height decreases with the increase of the harmonic order. Second, the plateau is flat and there are no oscillations as in the linear polarization case. The reason is that the contribution of only one quantum orbit is dominant. However, in the cutoff region there are such oscillations, again contrary to the linear polarization case. The reason is that in the cutoff region more orbits contribute to the HHG spectrum generated by bicircular laser field and the oscillatory structure is due to their interference. The relevant quantum orbits are analyzed in [26] . In the present paper we have shown, using three-dimensional graphs of Figure 3 , that this behavior is valid for a wide range of laser intensities and harmonic orders. It is also clear from Figure 3 that, for a range of harmonic orders and laser intensities, the harmonic emission rate is higher for HHG by bicircular field than for HHG by linearly polarized field.
It should be mentioned that for a bicircular field with higher intensity of the second field component the plateau becomes more similar to that of the linearly polarized case, i.e., it is not inclined and oscillatory structures appear due to the interference of contributions of more quantum orbits. This is recently explored in detail in [16, 42] . 
Spin Asymmetry in Above-Threshold Ionization by Bicircular Field
In [43] (see also more recent references [44, 45] ) it was suggested to introduce the concept of attospin using spin-polarized electrons emitted in ionization by bicircular laser field. In this paper the differential ionization rate, w p m (n) = 2π p T p m (n) 2 , of atoms having initial bound state ψ m , was calculated applying the saddle point-method as described in [22] . In this process the energy nω is absorbed and an electron with momentum p and energy E p = p 2 /2 is emitted. The T-matrix element T p m (n) is presented as a sum of the direct and rescattering T-matrix elements and and m are, respectively, the orbital and magnetic quantum number. For Xe atoms the ground state is p state ( = 1 and m = ±1 (matrix elements are zero for m = 0)), and we have two continua corresponding to two ground states of Xe + ion ( 2 P 3/2 and 2 P 1/2 ). 
We use the rates W p↑ and W p↓ to define the spin asymmetry parameter A p and the normalized spin asymmetry parameterÃ p by the relations:
For I p 1/2 = I p 3/2 , i.e., if we neglect the spin-orbit coupling, Formulas (4) and (5) give A p = 0.
In the case of Xe atoms the fine structure splitting is I p 1/2 − I p 3/2 = 1.31 eV and one expects a substantial spin asymmetry. If the rates are equal for m = 1 and m = −1 then the asymmetry parameter A p is also zero. However, for ATI of noble gases having p ground state by a circularly polarized laser field the ionization rate exhibits strong m = ±1 asymmetry, so that for Xe we expect large values of A p . Furthermore, for a bicircular field the electron rescattering is possible, which opens up access to attosecond spin effects, since the rescattering process develops on attosecond time scale [43] .
In this paper we evaluate the ionization rate and the spin asymmetry parameter in a different way than in [43] . Namely, we calculate the differential ionization rate using numerical integration instead of the saddle-point method [46] . In addition, the results are averaged over the laser intensity distribution in the focus [47] . The used spatio-temporal averaging is applicable for long pulses, while for few-cycle pulses [8] the dynamical symmetry of the bicircular field is violated and the problem should be explored separately. From the upper left panel (a) of Figure 4 it follows that the direct differential ionization yield exhibits rotational symmetry by the angle 360 • /(r + s) = 120 • and the reflection symmetry corresponding to the axes with angles 60 • , 180 • , and 300 • with respect to the x axis. The spin asymmetry parameters, shown in the left panels (middle panel (c) and bottom panel (e)), obey the same symmetry. For the rescattered electrons (right panels (b), (d), and (f)) the reflection symmetry is broken, but the rotational symmetry is maintained. The presented yields are normalized to the maximum value which is 1.237 × 10 −4 for direct electrons and 7.707 × 10 −5 for rescattered electrons (in arbitrary units since we present the results for the focal-averaged spectra). The results are normalized so that the maximum yield is w max = 1 and log 10 (w max ) = 0. For the direct-electrons yields we show 6 orders, while for the rescattered-electron yields we present 4 orders of magnitude. The asymmetry parameter for direct electrons emitted in a fixed direction (for example at 60 • ) exhibits fast oscillations with the increase of the photoelectron energy. This was explained in [43] as the interference of two dominant electron trajectories obtained by the saddle-point method. We now see that this behaviour is preserved in the spectra obtained by numerical integration. In addition, these fast oscillations survive averaging over the laser intensity distribution in the focus. Spin asymmetry parameters change from −0.4996 to 0.98 for direct electrons and from −0.5812 to 0.8581 for rescattered electrons. The most important result is that the spin asymmetry parameter for high-energy electrons can take large values. These electrons come from rescattering and they are characterized by the attosecond time scale so that, measuring the spectra and spin-polarization of these electrons, one can explore spin-dependent effects in atoms and molecules with unprecedented time resolution. 
Conclusions
We have explored two high-order atomic processes induced by bicircular fields. First, we have explicitly compared the HHG spectra generated by a bicircular laser field with the spectra generated by a linearly polarized laser field. In spite of that both spectra exhibit plateau and cutoff features, we observed important differences. Contrary to the case of linear polarization, the plateau is rather smooth for HHG by bicircular field. This is important for obtaining a high-harmonic attosecond pulse train by combining a group of high harmonics. Namely, as in the mode-locking laser technique, the relative phase between combined field components should be constant in order to generate ultrashort pulses. This condition is much better fulfilled for HHG by bicircular field [33] .
We expect that bicircular field will have a bright future in application to molecular processes. The reason is that the rotational symmetry of the rω-sω bicircular field (compare Figure 2 ) can be combined with analog C r+s symmetry of polyatomic molecules. For example, planar molecule BF 3 and nonplanar molecules CF 3 I and NH 3 obey the C 3 symmetry, as well as the ω-2ω bicircular field. Examples can be found in recent references [48] [49] [50] [51] [52] [53] .
Another interesting possibility of application of bicircular fields is to explore the electron spin on the ultrashort time scale. Spin-polarized electrons have important applications [54, 55] . Spin asymmetry in above-threshold ionization by a circularly polarized laser field was investigated theoretically in [56] [57] [58] and in more recent experiments [59] [60] [61] . In our paper we have shown that the spin asymmetry in HATI by bicircular field survives focal-averaging and thus should be observed in future experiments which will open access to attospin. It should also be mentioned that, without the focal averaging, it would not be possible to explore quantum-mechanical effects such as experimentally observed intensity-dependent enhancements in HATI spectra [2] . Such enhancements are caused by the channel-closing effect. We have recently shown that this effect is important not only for linearly polarized laser fields but also for bicircular fields [62] .
In addition, the effect of the bicircular field on ATI is especially important since it can be applied to study complicated molecules and materials where the spin dependence plays an important role. For diatomic molecules it was predicted in [63] and confirmed in experiment [64] that two-source double-slit interference effects in angle-resolved HATI spectra survive both the molecular orientation averaging and focal averaging.
